We study the relationship between the MS Yukawa coupling and the pole mass for the bottom and top quarks at the two-loop electroweak order O(α 2 ) in the gaugeless limit of the standard model. We also consider the MS to pole mass relationships at this order, which include tadpole contributions to ensure the gauge independence of the MS masses. In order to avoid the presence of tadpoles, we propose a redefinition of the running heavy-quark mass in terms of the MS Yukawa coupling. We also present ∆r in the MS scheme at O(α 2 ) in the gaugeless limit. As an aside, we also present the exact two-loop expression for the heavy-quark mass counterterm at two loops.
Introduction
respectively. In Section 6 we discuss the numerical values of the obtained corrections. In Appendix A the two-loop expression for the ∆r MS , necessary for the relations between running masses and Yukawa constants, is given. Appendix B contains the two-loop renormalization constants of the fermion masses in MS scheme. In Appendix C we present the running mass for the bottom quark in the heavy top quark limit.
Running mass
The pole mass M is determined by definition from the position of the pole of the propagator of a particle 1 . We start from from the general form of the inverse fermion propagator
where p is the momentum and m 0 is the bare mass of a fermion. The function Σ /(p), called the self-energy of a fermion, is given by a sum of all one-particle irreducible diagrams and is being a function of further parameters of the theory (masses and couplings). An important comment should be made here. In the Standard Model with the Higgs mechanism the inclusion of the tadpoles (see Fig. 1 ) is necessary to make the relation between pole and the bare masses gauge invariant. Thus in this paper we include in Σ /(p) all diagrams which are one-particle irreducible with respect to all particle but Higgs boson.
In the electroweak theory due to parity violation the left and the right components of a fermionic field propagate differently. We can decompose Σ /(p) in the following way
where ω L,R = (1 ∓ γ 5 )/2 are projectors on the left and right spinor components, respectively. In the Standard Model there is no pseudoscalar contribution in Eq. (2) . The dimensionless scalar functions A L , A R and B depend on the momentum p and other parameters. In order to invert matrix (1) we first decompose it into left and right components. These two matrices can be now inverted separately to obtain two (left and right) inverse matrices. The zeros of these inverse matrices coincide with each other and define the pole of the fermion propagator. The equation for p , corresponding to S / −1 (p) = 0, reads
We can solve the above equation perturbatively by substituting the pertubative Ansatz
Solving it order by order we obtain the functions X's. Explicitly, up to the second order we have
1 If the finite width is taken into account, then the pole of the propagator is a complex value. In this case, usually, the real part of it is defined as M 2 .
In these formulae all A and B functions are taken at the argument p 2 = m 2 0 and the prime stands for the derivative w.r.t. p 2 /m 2 0 . The self energy (2) is gauge dependent and, in general, infrared singular quantity. However, the functions X's appear to be gauge invariant 2 and infrared safe. 
Yukawa coupling constant
While the pole mass is defined by the pole of the fermion propagator, the Yukawa coupling constant y of a fermion is related to the vacuum expectation value v
The vacuum expectation value v can be expressed in terms of the Fermi coupling constant G F = 1/ √ 2v 2 , which is measured experimentally in low energy processes. In particular, from the decay of the muon we have G F = 1.16637(1) · 10 −5 GeV −2 . Similar, the running MS Fermi constant G MS F (µ) is associated with the running vacuum expectation value v MS (µ). The relation between two Fermi constants is given by
where ∆r MS incorporates all radiative corrections in MS scheme 3 . The explicit analytical expression for ∆r MS up to two loops is given given in Appendix A. The running Yukawa constant y(µ) is related to the running Fermi constant G MS F (µ) and the MS mass m(µ) by
It is convenient to introduce a running parameter m Y (µ) with the dimension of a mass 4 via
2 With the inclusion of tadpole diagrams. 3 This parameter differs from the so-called ∆r (see e.g. Ref. [27] ). 4 In Ref. [17] it was denoted asm f (µ 2 )
As the Yukawa couplings are not affected by the Higgs mechanism, the electroweak corrections to the Yukawa couplings are free of tadpoles [10, 12] 
In Eq. (13) 
where
We use also numerical constants, defined as
where Cl 2 (θ) is the Clausen integral (52). The two of introduced functions
are related to one-loop self-energy integrals and can be expressed in terms of logarithms. The rest function Φ(z) comes from the two-loop vacuum integral and is defined in Appendix A.
5 Note, however, that the results in Ref. [10] are presented in terms of Fermi coupling constant G F . To match the two-loop O(α 2 ) contribution in Eq. (13) correctly one should reexpress formula of Ref. [10] in terms of the fine structure constant α.
As it was already mentioned above the ratio m b (µ)/M b can be obtained from Eq. (13) and the formula for ∆r MS from Appendix A. Nevertheless, we present in Appendix C the result for m b (µ) in the heavy top quark limit in order to compare explicitly with existing O(αα s ) results and to test the relevance of the quadratic (tadpole) terms at two loops.
Top quark
Similar, for the top quark we write
where δ QCD (µ) is again given by Eq. (10) (with M = M t ). The one-loop electroweak correction δ α (µ) is given in Ref. [10] . The mixed two-loop correction δ ααs (µ) has been evaluated in Ref. [11] exactly for nonvanishing masses of gauge bosons. Finally, in this paper we evaluate the two-loop electroweak corrections, parametrized by A 2,2 , A 2,1 and
The case of the top quark is more complicated, since the heavy particle propagates now on external lines. Such situation can not be reduced to vacuum bubble diagrams any more. Heavy top quark limit leads to non-euclidean expansions, which are rather involved. In the gaugeless limit we find it convenient to introduce the variable
For the present mass range of the presumable Higgs boson around 125GeV ∆ H is close to 0.5. Nevertheless it appears to be a good expansion parameter. After the expansion in ∆ H the resulting integrals are two-loop self-energies with one mass and on-shell kinematics. These integrals can be evaluated with the help of ONSHELL2 program [20] . There is, however, one problem on this way. Such a naive expansion can break down if some threshold singularities are present. This occurs, for example, if there is a unitary cut of a diagram that cuts one Higgs boson line and one or two massless line. Taken off-shell, such diagrams involve terms of the type (
The presence of such terms says that the expansion in the variable
breaks down at some order n. In Ref. [19] this question was discussed in the case of the pole masses of gauge bosons. There it was established that first five coefficients of the naive expansion give the correct result. In our case we also found that the first six coefficient of expansion in ∆ H give the correct result, but starting from O(∆ 6 H ) the threshold singularities appear. They manifest themselves as poles 1/ε in the dimensional regularization, which are not compensated by the renormalization. We have made a more detailed analysis of diagrams and found, that among over two hundreds of diagrams, contributing to Σ /(p), only four posses threshold singularities. They are shown in Fig. 2 . These diagrams have been evaluated without expansions, using the results of Ref. [19] for the master integrals.
Four diagrams that brake down the expansion in ∆ H due to threshold singularities. G 0 and G denote the neutral and the charged Goldstone bosons, respectively. The masses of these bosons M G and M G 0 vanish in the gaugeless limit.
Finally, we obtain the following results 
The convergence of the above series is quite good. In particular, for M H = 125GeV we have the following numerical contributions, corresponding to different powers of ∆ H in Eq. 
Discussion
For the numerical analysis, we adopt the following values for the input parameters [21] :
s (M 2 Z ) = 0.1184(7). (30) Furthermore, we take the effective fine-structure constant at the Z boson mass scale to be α −1 (M 2 Z ) = 127.944. All light-fermion masses M f (f = t) give negligible effects and do not play any role in our consideration. Up to the three-loop order, the QCD relation between the running and pole masses is given by (see Eq. (12) in Ref. [8] 
Using α 
Let us now estimate how good the approximation of the gaugeless limit is. Since the exact two-loop results are unknown, we can only compare the one-loop corrections in the different regimes: the gaugeless limit (denoted by the abbreviation "g.l." below) and the result in the full Standard Model (denoted as "full" below). In the gaugeless limit the one-loop corrections take form
and
where H t is defined by (20) . With the input parameters (30) we obtain the following values for the O(α) contributions to the shifts of running masses. For the bottom quark we have (in GeV)
6 The values of the top quark mass quoted by the experimental collaborations correspond to parameters in Monte Carlo event generators in which, apart from parton showering, the partonic subprocesses are calculated at the tree level, so that a rigorous theoretical definition of the top quark mass is lacking [21,?] . For definiteness, we take the value from Ref. [21] to be the pole mass M t .
At µ = M b this brings the shifts -1.81 GeV and -1.87 GeV, respectively. The difference between the two numbers is 3%. Similarily, for the top quark (in GeV) and the above results in {m t (M t ) − M t } O(α) = 12.91GeV and 11.78 GeV, respectively (9% difference). Thus we see that in the case of the running mass m(µ) the gaugeless limit gives quite reasonable approximation. Partially it can be explained by the fact that the major contributions come from tadpoles. In the recent paper [17] the detailed analysis of the different contributions to the running top quark mass has been done. We now can extend the table from Ref. [17] , adding the column with O(α 2 ) contributions. The results for the top quark are summarized in Table 1 . The QCD contributions in the second column include radiative corrections up to O(α 3 s ). For the Higgs boson mass around 125 GeV the two-loop electroweak shift of the MS mass is close to -0.5 GeV. In view of the above discussion we expect, that this number could be corrected by some 10%. Taking double of it one can estimate the theoretical error in Table 1 to be of the order of 100 MeV. The O(α 4 s ) QCD corrections have been estimated numerically in Ref. [24] to be ∼ 20 GeV.
In the bottom quark case the situation is different. For the different contributions at µ = M b we have
In the above two formulae the first, second and the third numbers correspond to O(α), O(αα s ) and O(α 2 ) contributions, respectively. We see that the two-loop electroweak correction is extremely large.
Consider now the corrections to the Yukawa couplings. We split correction in the following way
In Fig. 3 we plot the different contributions in δ(µ) as functions of the MS parameter µ.
It is seen that in the case of bottom quark the O(α 2 ) corrections is of the same order as O(αα s ) correction, while in the case of top the two-loop contribution is very small.
At the threshold we have following contributions to the matching coefficients In the case of Yukawa couplings y(µ), where tadpoles play no role, the electroweak correction is much smaller by absolute value and the gaugeless limit approximation may become unstable and give large (in relative, but not absolute value) deviation from the full Standard Model correction. As before we want to estimate how good is the gaugeless limit approximation. Again we use the one-loop result as a bench mark. The corresponding one-loop formulae in the full Standard Model as well as in the gaugeless limit are given in Ref. [10] . We obtain
The agreement is visually still good, especially for the top quark. However let us insert µ = M b in (42) and µ = M t in (43). This gives 70% deviation in the case of bottom quark (-0.0346 against -0.0197) and more than 700% for the top (0.0098 against 0.0013).
Thus we see that the O(α 2 ) correction in Fig. 3 for the bottom quark can get corrected by tens of percents. The corresponding curve for the top quark can be considered only as the estimation of the order of the corrections but not as its actual value.
Conclusion
In this paper we considered the two-loop electroweak corrections to the relations between the pole masses, the running MS masses and the running Yukawa coupling constants of the bottom and the top quarks. The approximation which was used here is the gaugeless limit of the Standard Model.
In the case of the top quark running mass we found that the new two-loop correction lead to the additional shift of about −0.5 GeV and the uncertainty in the relation between the pole and the running mass is reduced now to the order of 100 MeV. For the bottom quark the corresponding two-loop correction appear to be as large as the one-loop one.
For the Yukawa coupling due to the large cancellations the absolute value of correction is reduced by at leas one order of magnitude (compared with the corresponding corrections to the running mass). The resulting correction shows that the gaugeless limit approximation works not so well. We conclude that the O(α 2 ) correction in the bottom quark case is as large as O(αα s ) correction. For the top quark the gaugeless limit approximation fails to give numerical estimation of the two-loop correction, but still can serve as the estimation of the order of the correction, which appears to be small (less than one percent).
The 
A ∆r in MS scheme
In this Section all masses and couplings are the running quantities, given in MS scheme. To simplify the notation we shall always omit the argument µ.
For ∆r MS , defined by Eq. (7) we have the following expansion in the perturbation
where g and g s are the electroweak and the strong coupling constants in MS scheme.
The coefficients x 1,0 and x 1,1 can be given in exact form.
where l x are logarithms, defined according to (16) but with replacements of all pole masses by running masses, e.g. l t = ln (m 2 t (µ)/µ 2 ) etc. and c W , s W stand for the cosine and the sine of the electroweak mixing angle in the MS scheme
The two-loop electroweak correction x 2,0 can be expressed in terms of dilogarithms in the full Standard Model for arbitrary masses of the particles. However the result is too long to be presented here. Instead of this we evaluate x 2,0 in two different approximations: the gaugeless limit of the Standard Model x gl 2,0 and limit of the heavy top quark x ht 2,0 . In the former case we have 
where is the Clausen integral [28] , defined as
B Renormalization constants of the quark masses
Here we use the same notation as in the previous Section -all masses and couplings are given in MS scheme. The presented calculations require one-loop renormalization of all masses and couplings and the two-loop renormalization the quark mass itself
The calculations in this paper for the pole masses and Yukawa coupling used the approximation of the gaugeless limit or heavy t-quark limit. But for the renormalization constants Z q we found the exact result in the full Standard Model (i.e. without using the above approximations). We find it convenient to present them here for the future calculations and checks.
In the MS scheme the renormalization constants can be written in the form We do not write down the higher order QCD terms (known up to three-loops now). The results for Z' below are given in terms of MS parameters.
For the bottom quark we have 
